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31 . review & motivation

Everything smooth
, locally flat

,

embedded in 53

Question

How do you compare

complexity classes

of knots ?

Can we measure how

far they are from being
simple?



The smooth slice genus iS

proper ID4&

gy(k) = min(g(2)/02 = k)

ICARTON

⑭
OIDT = S3

it's hard to compute in general



A cobordism between knots K ,& Kz

is an oriented
, properly embedded surface

E-> xI

s
.
t .

& = K
,
w - Kz
---

Morse theory-
describe arbitrary cobordisms via

handle attachments

ID
°x ID2 ID2 X IDO

·

-P
.

↑time - ↑ time~ in
O-handle 2 - handle

"birth" 1- handle "death"
"band"
&&---> ↳/&-

n W ↑time
D'XID'



When E : K
,
-> Ke is an annulus,

we say K, & Ke are concordant.

Concordance gives an equivalence

relation : Ke
,
J

Use to build the

smooth concordance group :

2 : =(
connect
sam



94(k#5)= gy(k) + 9 + (5)

Allows us to build a connected

metric graph from & whose

metric agrees with

4k ,5: = 94(k# -5)
.
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Today'squestions

Q How to compute lengths of

geodesics in (2
,
d) ?

⑫ Given a geodesic 2
,

*

what knots lie along it?
* actually concordance classes

Q3 How does metric structure
-

interact / invariants W2

care about ?



EmpLe (Rudolph'84)
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A grasipositive....
-

braid word is a product of

conjugated Artin generators

Example : Bi = (0, 530,0, 00,

link is one which is the closure of

a quasipositive braid

-=-B -e -@
--
- -

--
--

-it m --- -
te
-

- --

-
- - -

surface is a connected
, immersed

surface which is the Rudolph surface

for a quasipositive link
.



Prop

Quasipositive surfaces realize

Prothe slice gends of their boundary .
↑

.. W

-

Proof Sketch
-

First
,

we need the

Milnor conjecture

g + (Tp
,g) = 93(Tp,q) = g-

[Kronheiee



add Artin gens to cancel negative
crossings

morethen add
* * until you get2

torus knot

* Jp s .t . n(p-1)-(#pos . gens)
more bands give Trip

E--
--

Fx x I Y---exa

QlO
I

Ai-Wz-
⑳-



Corollaries
-

· 94 iS additive for positive

torus knots

-

- -

( - &&->--↳
-
2-

-
-

-

-....--* -I- -
-

94)T2,3#T3
,
4) =* - K,

· we can compute d(T+,T- )
whereIt is a positive

torns Knot
,
T negative



33. Squeezed Knots

[Feller
,

Lewark
,

Lobb '22]

DEFINITION BY CARTOON

&
E-

⑭

1

·toseed
.

T
+,

T-)
- -

Ka cross-

- section of E



Squeezed knots are knots

that lie along geodesics between

a positive torus knot & a negative one .

What knots are squeezed?

· quasipositive ↳ positive

· quasinegative < negative

· alternating

· homogeneous

· quasihomogeneous [FLL'22]



Eeen Tz
,
3

movie for
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start

↓ births

x) = 2 -29) : 2

2

+ Z D
= 4 - 18

= - 14

↓ D2 ID'XID'

2 ID2
t

4 I'x ID' g) = 7

I
= dcob (T2

,3,+
,5)

+ 3 ID'x ID'
&

↓ "Why5,
t II D'XID' - ~

-

end
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Remark
--

Of the 249 prime knots

with < 10 crossings , all but

six are known to be squeezed :

942 not squeezed

10
,25 not squeezed

10
, 30 un known

10
,32 not squeezed

10
,36 not squeezed

10
,41 zen known

How do you
obstruct

squeezedness ?



invariants34·ice torus

We say a group homomorphism

6 : 2-

is slice torus if for all

Knots K we have

④b(k) < 94(k)

④ (b(Tp ,g)) = 94(To ,g)

Notation :

ST= (slice s e



Examples
from-oranovhomology

· Sz (Rasmussen
,

2003)

fromeegaardFloer

a (Oszrath
,

Stab 2003
,

2011)

5
,
V : 2> IR

=FramedInstanton Floor

· (Baldwin
,

Sirek 2020

T*: 2-> IR



&able knot Invariants

For K a knot
,

its

stable 4-genus is

9(K) := lim GK)
n-> n

(livingston 10]

&
its "slice torus bound" is

Plinx(Tp,p+# K) - 54Tapt)

[FLL'22]



②servations

· (k) = 9 + (k)

E 94(k) = " CK)
= &n

· (Tp
, g) = 9 + (Tp,g)

94 additive for posite torus knots,

run argument above.



Theorem [FLL '22]

① If K is squeezed then

l(k) = -l- k)

⑲ Let K be a knot
,

then

[l(K)
,
l(k)] = (b(k)/4 = ST 3 < IR

Corollary
-

If K is squeezed, then for

all slice torus $ , 4 we have

b(K) = 4(k)
.



24 erGenus

Resolutions

-
->c)-Y

T
A

Fe<↳
& O

: y
88 E

Co
A

Sa(0) = 6 Sp(D) = 4



connect the components
at crossings / saddle cobor dises ;

gete Turner surface of
genus

c(0) +2 - 151) - 158)
9+ (b) =
c

↳/- S*↳&m -

s - S&T⑳-
3.

& -P

=

&C
<

3O
↑

&
Turner genus

9+K) := min[g(2)/twoese



· 9+(
= 0 iff L alternating

[Turner'87]

· used to give a simpler proof

of the Tait conjecture

STurner 87]

· bounds width of reduced

Khoranor homology/knot Floer honology

W- (k) < 1 + 9 +
(k)

Khor
HFK

[Champanenkar , Kofman 109]

[howrance , 108]



Results of Jung , Kang , Kim

Therem (JKK
,

22)

If & E ST
,
can build a

Dasbach-Lowrance invariant :

(4) : = 20(2) - (n - 1)

<Theorem JKK
,

'22)
m

If &
, B are Dasbach-

Lowrance invariants
,

then

E(G(k)- B(k)) = 9+
(k)



New bound on

Turner genus !

Collary [FLL & JKK]

l(k) + R(-K) = 9+ (k)



OpenQuestions

② Are 10
,30

& 10141

squeezed ?

④ Does ((k) + l( K) =0

force squeezedness ?

③ Can this story be

extended to torns links?

④ Does squeezedness
have implications for

corresponding 3- manifolds?



Thank I ou

for listening !

Special thanks to

· Akram Alishahi

· Han Loze

· Sasha Shmakov
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