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QQuuaaddrraatt.ie Rteeiipprrooeiittyy
Let p , q c-% be prime .

The Legendre {ymtol is defined as

follows :

(g) a.
=] I Fx :p = x2 (model )

L -L otherwise

than (Gauss )
If p , q

are
distinct odd primes , then

Fell :-/ =ti÷÷

Folklife
This has an interpretation

in low - dimensional topology .



☒nnoottss
A knot is a family of embeddings

K :S
" -2

- g
"

considered up to
"

ambient isotopy .
"

Fixing n =3
,
we can represent (fame )

knots via plane diagrams :

8
"Figure Eight Knot "••

Solomon's Seal knot . .
( 4s)



Kinn #§
A link is a disjoint family of knots

:

Oom
.

I0 ¥-1:&.
EE



Kinn# iinngg commoner

Given two components K and Linalinkshow.es/-angled''arethey?~)
We measure this with the linking number,

computed as follows :

1
.

Orient your link diagram

a
→ *

L L

2. Assign weights to crossings :



3
.

Sum the crossing weights
for each intra component crossing
and divide this by 2 .

4 -1

÷:
-I

llk ,L)= -1--12-1+-12=-2

Exercise Linking number is well -defined
up to sign and llk,L)=l(L

,
K ) .

This may be easier to see

from a cohomo logical perspective .



Coop Braddock



Seiffert
*rrffaeess

Given a knot KCSB , it bounds

an oriented ,
bi collared surface

in S3 called a Seifert surface
.

K IK

One can always be found using
Seifert's algorithm on a knot

diagram .



Kinn# inngg commoner

Given K
,
L - S 's algebraic

topology gives us

[K] EH
,
( 51 L )

[2<3 c- He ( s
>

\ L )

and their Poincare duals satisfy :

Polk] - PD[G) = P0[Kn%]

I

)•• Algebraic
intersection

IC number is the

linking number
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Folklife (Morishita , Mazur , etc . )

The Legendre symbol
" is

"

a linking number of
"arithmetic knots ?

Quadratic reciprocity
" is " the

symmetry of the linking number .

Oreos Gauss ' original definition

of the linking number was physically
motivated and makes an appearance

in Chern - Simmons theory .

Low - dimensional topology has benefitted

greatly from its relationship with mathematical

physics ( Reshetikhin -Turaev , HOMELY , Seiberg
- Witten

,
etc

.)



"

Legendre symbol is a linking number
"
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www.aattareeaarriitthhmmeettiie#nnoottss??
• Spec (%) := all prime ideals in

%

• We can turn Spec (%) into an afford scheme

by giving it a sheaf
of nmgs :

Ospeel# (Ua) := { In / ae# { o} ,ne7É}

•
Problem : Zariski topology doesn't yield a

satisfactory it,( Spec 1% )) , it's not

immediately clear what
"

circles
"

should be
.

•
.
. .

but given a theory
of coverings

we could define

IT
,
CH E Aut (E)

with Ñ being some universal covering
object .



Cowering $ access
Given a space ✗

,
a covering space is a

space Ñ with a map IT:[→ ✗ that satisfies

@
"

sheets "

• 1+1-4×11=111--4911 V-x.GE ✗ after
cover

• ltxex : 7 Ux s -t
. Titus )=~¥U×

If your space ✗ is ☒*especially niee.tk

then it has a simply - connected covering space
called the uunniivveerrssaal eoovveerr off ☒ .

☒

g②}ÉYu)t )
xp u

AHA connected
locally path- connected

semi locally simply connected
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:

j
• • OR

-3 -2 -L 2 3

:/ I 6
: universal
• ! cover

•

a.nu, :@•• •⑤ 4-sheets
•

•

L ↳ d
5-sheets@ ② 3-sheets ⑥ 2-sheets

••

↳ I /

:O



Galois Correspondence
Deck

{•}PR transformations
"

1Mquotients of
⑨

a

1T
,
( S1)

:
&

&

""

÷@Éj*
:* .

7442

⑤••
i

•• ☒ % , %
? %

•
,n

→ i *
§ Tics')



ÉÉTTAALL "EE Ccoovveerriinnggss
The correct objects to look at are finite

Galois coverings specks) ; schemes that are

spectra of finite connected
Galois

algebras over %
.

Let ( p ) c- Spec (%) . Fixing an algebraically

closed field R of characteristic P

( e. g. an algebraically closed extension
of Ep )

we fix a map called the geometric
base point E : Spee (d)→ Spec(%)

In : Y→ Spec(2) a finite Galois

covering implies action of

Aat (X)Galli/Speech)) := Spec(%)

on

"

fiber functor" is transitive .



of the lease point

••
"fiber fuetar

" of ✗

t.s.i.a.io.
,

at Galli/Speech))

•••speclR)

spec(2)



AA Uunniivveerrssaal ccoovveerr !!
theorem (Morishita THM

2.23)

There is a projectile system of pointed ,

finite Galois covers

(( hi :X; → ☒
,
I , Yi;)

such that for any finite étale cover

h : Y→ ✗ we get

bijection

E- (Y) - lim-cfxi.it )¥¥¥¥!÷%

÷ÉEi
"'

at long last, the estate fundamental group
:

it,é+( ✗ , E) - GaKXTX) :=1im_ Gal /Xi /X)



limXi= of
← •☐

F- (I ,EzÑsi . .) •¥¥¥¥÷

:

FEW)=lim→×Xi,Y)

i
0¥

"



Finally , fixing q=p
" for some

prime p , we leverage finite field properties

to conclude :

Éq=li÷s IF,
Then if 0€ Gal (Eq / Fq) is the
Frobenius automorphism :

0 : ✗ 1- ✗
{

the correspondence 0 /
*
,

↳ Llmodn)

tells us Galley / Eq )±%/n% so

itzétspecllfq ,E) =

.li?-Ga1(1T-qnlFq)--~li?-74z:=Zgtueprofinite
integers



SpeakEID are •
aarriit-hnmmeett.ie#nnoolt-ss••µ

• Higher estate homotopy groups also

exist and tiétspec (Eg)) I 0 for
all I 72 , so our spec (Eg) are
"

profinite circles ! e.g. K( 7£ , 1) !Eilenberg-
Cf Maclane

• TlÉt(Spec (Z)) I 0 space

• Moreover
,
a technical result known

as

Artin - Verdier duality tells us that

the estate cohomological dimension of

spec (2) is three:

• So speech) is
"

like
"

a simply connected

orientable
,
3- manifold (true for any 0k) !

* modulo 2- torsion



☒nnoott Grownups
• we associate to a knot K its

knot group , t, ( S3 \ K ) .

• meanwhile
,
the prime group for

"

a prime p is
-

Gp:= IT ,ét( sped%) ) ( p ) )

÷÷÷±¥¥•÷÷:ft
( d - - - -•_o-•- - - .

(p)

IT
,
(STK) T.ie/-(specl7b)1lp ))



AARR11TTtHlMMEETkCCLLllNNtE1NN@Letp.q
•old primes and

p , q I 1
(mud 4)

• Let 0 a primitive root mod q

( e. g- everything coprime w/ ✗ is a power

of a )

• Define a group homomorphism

§ : Fix (1+54) → 7422
a-

☒ (a) =L ,
☒ (1+74)=0

• we get a quadratic extension

k=~Q(Tq*) , q*:= C-1)¥9



• Get an estate double

cover of Spee (2) 1 ( q) :

Xz :=Spec(Z["¥± , ;-] )
and a homomorphism

p : Gq- Gal ( Xz , Spec (E) \ (q) )

• Define the mod 2 linking
number lkzlq ,p) to be the

image of the Frobenius

automorphism Op : ✗ 1-
XP

under p .



GGeeoommeettrr.ie
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%F odd prunes ol

p , q =L (mod 4) we here

fylKzGsP)=(§
Proof If like(q , p) = 0 , then

plop ) = idxz , so op (tT*)=T*
⇒ rq* c- -1T¥ ⇒ g.

*
c- (11=55

⇒ q* a quadratic residue
mod p

⇒ (÷ ) =L ☐



A bit more algebra tells
us that in the cover

h : Xz→ Spec(8)14)

we have

{Hitz} lkzlp,q)=0
e.g. q* a quadratic

hÉ((p))={ residue modp

ft lkdp.gl =L
e.q . q* a quadratic
non-residue modp



FFUURRTTHHEERROOOOWWNN
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link ← 5- { 14,1% . . . .tn}

dink group← µ-Et( Spector)lS )

Borromean rings f- Borro mean primes

Hurewict - un ramified class

isomorphism field theory

factorization → properties of
properties of random braids
random integers

Reidemeister

torsion
a-

Riemann zeta
function



RREETEEERREENNCCEESS
• Morishita

,

knots and Primes

- Mazur ,

"
Knots

,

Primes
,
and Po

"

- Rolfson ,
knots and Links

a- Hatcher , Algebraic Topology

- Shmakov,
"

Galois Representations in Étale

Fundamental Groups and the Profinite

Grothendieck - Teichmiller Group
"



""

qjziÉg
• Arvind & Zack

• Raemean & Sasha

• my
collaborator



ÉÉTTAALL "EE Ccoovveerriinnggss
• A ring homomorphism to : R→ S

is finite e'tale if

① S a finitely generated , flat
R - module

④ For any PE spec (R) ,

SOXRRHpp.pe/Kzx--.xKrxY
- w

residue field of] finite
, separable some isomorphism

the localization extensions of of Rtfm
,

- algebras
ofRatt . %%R

,

• specifying R on

"

integrally closed domain
"

(e.g. contains all roots d- monies in R[x] )

then an R-algebra S is a connected

finite estate algebra over R if

① there is finite separable

extension K d- FraeCR ) set .

S is the integral closure
of

R in K
.

R- S is finite étale



• a finite estate algebra over
R is a pro connected

finite estate algebras .

• a finite Galois algebra S over R

is a connected finite estate algebra
if for any PE spec (B) at any algebraically
closed field Ñ containing R%pRp
Autcs / R ) 2 Home -aigls , E)

simply
transitive

Exercises
a finite Galois algebra overRiffK / FracCR ) is a finite

Galois extension

we can then define

Galls / R ) :=Gal(K / Frack))



Amorphism of schemes

f : Y- spec (%)

is a finite estate covering
(FEC)

if there is a finite estate

algebra

8=-8
,
✗ . - - ✗ Bn over %

such that

r

spec (B) =USpec(8;)
i.=L

and the associated ring

homomorphism is the inclusion

2- B



h
'
a subcovering of a

FEC h
if 74 such that the diagram
commutes

. ✗

✗
'% h

4- C (X, X
'

)
Y

e.g. a morphism
at

finite étale coverings µ

The set of all such Q that

are isomorphism yield the

group of covering transformations

Aut
,
(X ) .



Let p c- Spec(2) and II an

algebraically closed field extension

fix a algebraically choral field of

%p↳%p , then we get a
a- p .

morphism I : Spec (E)→ Spec (%)
called the geometric base point .

- •fiber functor of E
"

If spectra)
"" """""""

This is finite Galois

if ✗ = Spec 88) for B

a finite Galois algebra
over % .

④
Ant( X ) acts
speak)

Spee (K ) transitively on E- (X)
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